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If A and B are C*-algebras there is, in general, a multiplicity of C*-norms 
on their algebraic tensor product A o B, including maximal and minimal 
norms Y and 01, respectively. A is said to be nuclear if (Y and Y coincide, for 
arbitrary B. The earliest example, due to Takesaki [ll], of a nonnuclear 
C*-algebra was Cr*(F,), the C*-algebra generated by the left regular re- 
presentation of the free group on two generators F, . It is shown here that W*- 
algebras, with the exception of certain finite type I’s, are nonnuclear. 
If C*(Fr) is the group C*-algebra of Fz , there is a canonical homomorphism 
& of C*(F,) onto Ci*(F,). The principal result of this paper is that there is a 
norm 5 on C,*(F,) o C,*(F,), distinct from 01, relative to which the homo- 
morphism 
is bounded (C*(F,) 0 C*(FJ being endowed with the norm w). Thus quotients 
do not, in general, respect the norm cx; a consequence of this is that the set 
of ideals of the or-tensor product of C*-algebras A and B may properly contain 
the set of product ideals {I @ B + A @ J: I 4 A, J Q B}. 
Let A and B be C*-algebras. If A or B is a IV*-algebra there are on A 0 B 
certain C*-norms, defined recently by Effros and Lance [3], the definitions of 
which take account of normality. In the final section of the paper it is shown by 
example that these norms, with a: and Y, can be mutually distinct. 
INTRODUCTION 
If G is a discrete group, there are several ways of constructing C*- 
algebras canonically associated with G. For example, if rr is the 
universal representation of G on the Hilbert space H, the group C*- 
algebra C*(G) is the C*-subalgebra of Z(H) generated by the set 
{m(g): g E G} (see [l, 13.91). The left regular group C*-algebra C,*(G) 
is the C*-subalgebra of P(Z2(G)) generated by r,(G), rr being the left 
regular representation of G, where 
dg) &h) = 5(@> (g, h E G; 5 E &G)). 
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The right regular group F-algebra C,*(G) is defined analogously, 
using the right regular representation irr of G, where 
r&) t(h) = w%9 (g, h E G; 4 E z2(G)). 
By its definition n contains rrr and TV; and there are natural homomor- 
phisms h, and h, of C*(G) onto C,*(G) and C,*(G), respectively. 
(Note also that the representations rI and rTTr are equivalent, so that 
C,*(G) and CT*(G) are in fact isomorphic.) 
Let A and B be C*-algebras, with algebraic tensor product A 0 B. 
In general there are several distinct (usually incomplete) C*-norms on 
A 0 B. Two such norms are of particular interest: the maximal norm 
u of Guichardet [4], and the minimal (or spatial) norm 01 of Turumaru. 
If Trl and nz are representations of A and B, respectively, on the 
Hilbert space H, (rr, r2) is said to be a commuting pair of repre- 
sentations of A, B if 
44 v,(b) = n2(b) d4 (UEA,bEB). 
The norm v is defined by 
the supremum being taken over all commuting pairs of representations 
of A, B. The norm 01 is defined as follows: if x E A Q B, a(x) is the 
smallest nonnegative real number k such that 
for all a E A 0 B and all states f and g of A and B, respectively. If 
for all B a = v on A 0 B, A is said to be nuclear (the terminology is 
due to Lance, who gives an introduction to the theory of C*-tensor 
products in [6, Sect. 11). F or a discrete group G, C,*(G) = C*(G) 
if and only if G is amenable, and this is the case if and only if C,*(G) 
is nuclear (cf. [6, Sect. 41). 0 ne of the results of this paper is that the 
only W*-algebras which are nuclear are finite and discrete, with 
finitely many homogeneous direct summands. One of the ideas in the 
proof was suggested by the recent construction by Anderson and 
Bunce of a type II, factor representation of 64(P(lR)), described by 
Joel Anderson in a lecture at the 1974 ICM at Vancouver. 
Let G be a discrete group and let h be the representation of 
C*(G) 0 C*(G) on Z2(G) given by 
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It is natural to ask relative to which C*-norms 7 on C*(G) 0 C*(G) 
X is bounded. If r] = V, A is clearly bounded; with 7 = 01, the same is 
true if G is amenable (by the remark above). One of the main results 
of this paper is, essentially, that with G = F, , the free group on two 
generators, X is bounded when 7 = 01. A consequence of this fact is 
that, even in the separable case, it is not always possible to describe 
the ideal structure of the spatial tensor product of two C*-algebras 
in terms of the ideal structures of the individual algebras. It follows 
moreover that the spatial C*-norm is not in general preserved by 
quotients (by [4, Theorem 23 quotients respect the maximal norm v). 
Effros and Lance [3] have recently introduced two new C*-tensor 
norms, the normal and binormal norms. Let A and B be C*-algebras. 
If A is a W*-algebra, the left normal norm v1 on A 0 B is defined by 
the supremum being taken over all commuting pairs of representations 
{?~r , ~a} of A, B with ?T~ normal. If B is a W*-algebra, the right normal 
norm vr is defined analogously, with z-Z rather than z-i required to be 
normal. If A and B are both W*-algebras, the &normal norm /3 is 
given by a similar expression, the supremum being taken this time 
over all commuting pairs of normal representations of A, B. In the 
final section of this paper it is shown by example that the five norms 
01, vr , vr , /J and v can be distinct. 
The notation and terminology used here follow those of [I] for the 
most part. If A and B are C*-algebras, and 7 is a C*-norm on A 0 B, 
the q-completion of A 0 B will be denoted A 0, B; the a-completion 
will be denoted simply by A @ B. If B is a C*-subalgebra of A, a 
linear map p: A -+ B is a retraction if it is a projection of norm 1, i.e., 
if jl p /I = 1 and p(x) = x for x E B. Finally, all C*-algebra homo- 
morphisms and representations will be assumed to be *-preserving. 
1. TENSOR PRODUCTS AND INJECTIVITY 
(1.1) Recall that a W*-algebra M is said to have the extension 
property (or to be injective [3]) if it satisfies the following equivalent 
conditions [ 13, Theorem 7.21. 
(i) For some faithful normal representation r of M on the 
Hilbert space H there is a retraction p: Z(H) -+ r(M). 
(ii) Such a p exists for every normal representation n of M. 
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(iii) For some faithful normal representation rr of M on H 
there is a retraction p’: 9(H) -+ z-(M)‘. 
A C*-algebra A is of type E (cf. [13, Sect. 8J)iJand only if for every 
representation rr of A, the weak closure r(A) has the extension 
property (i.e., if and only if A** is injective). 
(1.2) It is not known whether a C*-subalgebra of a C*-algebra 
of type E is automatically of type E also. For certain types of subalgebra 
this is the case: 
PROPOSITION. Let A be a C*-algebra of type E. If B is a unital C*- 
subalgebra of A and there is a retraction p: A -+ B, then B is of type E. 
Proof. Let A* * act nondegenerately as a von Neumann algebra 
on the Hilbert space H. The map p**: A** -+ B** is normal; 
regarding B * * as a I&‘*-subalgebra of A** under its canonical 
embedding, p* * is a retraction. Let o be a representation of B on the 
Hilbert space K; it is sufficient to assume that u is nondegenerate. 
There is a central projection F G B** such that B**F g a(B) 
(by [ 1, 12.1 S]). By hypothesis there is a retraction 7: Z(H) + A**; 
define w : 9(FH) + B* * by 
w(T) = (p** 0 T)(TF) (I’ E JqFH)). 
It is clear that // w // < 1; and by the module property of retractions 
[13, Theorem 3.11 w( TF) = w(T)F for T E 9’(FH), so that o(T) E 
B**F for T E Y(FH), and moreover w(T) = T for T E B**F. Thus 
o is a retraction with image B **F. By (1.1) o(B) has the extension 
property, so that B is of type E. 
(1.3) The proposition that follows is closely related to a result of 
Effros and Lance [3, Theorem 4.1 and Corollary 5.101. The proof 
given here is due to Lance [7]. 
PROPOSITION. Let A be a C*-algebra, and let u be a nondegenerate 
representation of A on the Hilbert space H such that the homomorphism 
c ai @ bi A c u(q) bi ; A c.3 a(A)’ -+ -Y(H) 
is bounded when A 0 u(A)’ . as endowed with the norm 01. Then o(A) has 
the extension property. 
Proof. (i) Assume first that A has a unit. By hypothesis there is 
a unique representation n of A @ u(A)’ on H such that 
,(a @ b) = o(a)b (a E A, b E o(A)‘). 
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The canonical inclusion A 0 o(A)’ C A 0 9(H) extends to an 
isometric embedding A @ o(A)’ C A @ Y(H). By [I, 2.10.21 there 
is a Hilbert space K with H C K, and a representation 77 of A @ 9’(H) 
on K such that for x E A @ u(A)‘, c(x) / H = n-(x). Let E be the 
orthogonal projection from K onto H, and define a linear map K by 
K(X) = Eql @ x) / H 
Let x E Z(H); for a E A 
(x E 9(H)). 
U(U) K(X) = U(U) ,?%(I @ X) 1 f+? 
= Efqa @ 1) ii(1 @ x) 1 H 
= EiY(1 @ x) E+z @ 1) 1 H 
= (%(l @ x) 1 H) a(a) 
= K(X) U(a). 
Thus K(X) E a(A)‘. If b E a(A)‘, 
K(b) = 1%?(1 @ b) [ H 
= Tr(l @b) 
zzz b. 
It is clear that jl K 11 < 1 and it follows that K is a retraction from L 
9(H) to u(A)‘. By (1.1) u(A) has the extension property. 
(ii) If A is nonunital, let 2 be the C*-algebra obtained by 
adjoining an identity to A. Under the canonical embedding 
$ g u:J’ E 2 @ u(A)‘, A @ u(A)’ is a closed two-sided ideal of 
‘, so that by [l, 2.10.41 there is a unique representation 
73 of ; @ u(A)’ on H extending rr. Let 6 be the representation of d 
on H obtained by setting 
6(x + Al) = u(x) + Al @EC, XEA). 
Then u(A)’ = G(A)‘, and if a E a, b E u(A)‘, 
+?(a @ b) = 6(a)b. 
- - 
As u(A) = 6((A) the first part of the proof may be applied, with A in 
place of A. 
(1.4) Let U(F,) be the II, factor generated by the left regular 
representation of F,; then U(F,) is just the weak closure of C,*(F,). 
It is well known that U(F,) does not have the extension property 
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(see, for example, [13, Proposition 7.4-J) so that U(F,) and Cr*(FJ are 
not of type E. 
(1.5) Let H, be n-dimensional complex Hilbert space, and let 
M, = S(H,), the C*-algebra of n x n complex matrices. The trace 
on M, , normalized so that the identity has trace 1, will be denoted 
by tr, . 
Let M = Ml @ M, @ --- = ((xJ: x,, E M, , sup 11 X, jl < co>; 
with the usual pointwise operations M is a finite type I W*-algebra. 
If % is a free ultrafilter on N, 
1% = ((2%) E M : lip tr,(x,*x,) = 0) 
is a maximal two-sided ideal of M, and M,iI, is a II, factor N (see 
[9, Chap. II, Sects. 6, 71). Let @ denote the quotient map M -+ M/I,; 
then the trace on N is given by 
Tr @((x,)) = li? tm(x,). 
(1.6) It is well known that F, , being a free group, is residually 
jinite, i.e., there is a chain F, = Ho 1 Hl 3 Hz r> .v* of normal 
subgroups ofF, such that (i) / Fz/Hi 1 -C co (i = 1,2,...); (ii) nL1 Hi = 1 
(cf. [5, Chap. 71). 
For i = 1, 2,... let Gi = Fz/Hi and let ni = 1 Gi I. The left regular 
representation of Gi on itself may be regarded as a faithful representa- 
tion of Gi in Mmi, and composing this representation with the 
canonical quotient homomorphism F, -+ Gi gives a representation vi 
ofF, in M,. (i = 1,2,...). For each iqi has the properties: t 
(a) y$(g) is unitary with all entries real for g E F,; 
(b) ker yi = Hi; 
(c) tr,(&g) = 0 for g E Fs\Hi . 
For g E F, let (g{) be the element of M such that 
g+z< = %(d (i = 1, 2,...), 
gn = 0 (a E N\@, , E2 Y.)). 
It will be assumed from now on that the ultrafilter % in the definition 
of the factor N contains the set {nr , n2 ,...}; it should be noted that, 
with extra effort, all subsequent arguments go through without this 
restriction on 4. Let g be the image of (g,) in N under @, for g E F, . 
The map g --f g is a faithful unitary representation of F, in N. If 
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g f 1, there is an n, such that g 4 Hi when i 3 n,,; thus Tr g = 
lim tr,(gJ = 0. Let B be the W*-subalgebra of N generated by the 
set { g: g E F,}. 
LEMMA. B and U(F,) are isomorphic W*-algebras. 
Proof. Assume that N is in its standard representation on the 
Hilbert space H, with cyclic and separating trace vector 4, and let K 
be the closure in H of B.$ = {b[: b E B}. For g E F2 let Ed be the 
function in P(F,) taking the values 1 at g and 0 elsewhere; the set 
(6,: g E F2} is an orthonormal basis of Z2(F2). If g, h E F, 
Thus the set { g[: g E F2} is orthonormal in K, and it is easy to see that 
its closed linear span is exactly K. It follows that the linear map 
U: Z2(F2) -+ K; C, cyBeQ --+ C, 0~9 g[ is unitary. 
Let E be the orthonormal projection of H onto K. Then E E B’ and 
the map T -+ TE; B -+ B, is a homomorphism. Now 11 T[ 11 = 
= 11 TE[ 11, so that if T E B satisfies TE = 0, 11 T[ 11 = 0 and T = 0 
(as f is separating). Thus the induction T + TE is an isomorphism 
of B onto B, . 
Let Tg = g 1 K (g E F,). Then 
!FT,U (; ah%) = u-1 (; %m) 
i.e., U-lT,U = r,(g). It follows that the map T -+ U-lTU; B, -+ 
U(F,) is an isomorphism of BE onto U(F,). So B z B, G U(F,). 
(1.7) PROPOSITION. N does not have the extension property. 
Proof. By [lo, 4.4.231 there is a normal retraction 7: N + i? 
(the canonical expectation). If N had the extension property, there 
would be a retraction 0 of 9(H) onto N, and T o 0 would then be a 
retraction of 3’(H) onto B. As noted in (1.4) U(F,) does not have the 
extension property. By (1.1) the same is true of B, so that no such 0 
can exist. 
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(1.8) COROLLARY. Let A be a F-algebra containing M as a closed 
*-subalgebra. Then A is not of type E. 
Proof. Let e, be the identity of M, (RZ = 1, 2,...); then e, is the 
identity of e,Ae, = {x E A:e,x = xe, = x}. If M,” denotes the 
relative cornmutant of iVl, in e,Ae, , it is well known that the map 
Qi,: C xi 6 x,’ -+ C xixi’; n/r, Q Mnc -+ e,Ae, is an isomorphism 
of M, @ M,” onto e,Ae, . Let vn be a state of Mmc, and define the 
linear map w,: e,Ae, -+ M, by 
In fact We = (id @ y,) 0 Gil, and so is well defined. Moreover 
We 1 M, = id, and Ij w, /I < 1, so th a w, is a retraction onto M, . t 
Define the map w: A --t M by w(x) = (wn(e,xe,)) (x E A). It is easy 
to check that o is a retraction of A onto M. By (1.7) M is not of type E; 
so by (1.2) A is not of type E. 
(1.9) c OROLLARY. Let A be a W*-algebra. The following conditions 
are equivalent: 
(i) A is nuclear; 
(ii) A is of type E; 
(iii) A is a direct sum of @zitely many type I W*-algebras of form 
Z @ M, , where n < co, and Z is an abelian W*-algebra. 
Proof. (i) * (ii): If rr is a representation of A on the Hilbert 
space H, let rr’ be the identical representation of +A)’ on H. {r, rr’} 
is a commuting pair of representations of A, r(A)‘, so that the homo- 
morphism x ai @ ai’ -+ C r(ai) a,‘; A 0 r(A)’ -+ 9(H) is con- 
tinuous when A 0 +A) ’ is endowed with the maximal C*-norm v. 
As A is nuclear, v = 01, and (1.3) h s ows that n(A) has the extension 
property. 
(iii) Z- (i): If A is a finite direct sum of the type prescribed, it 
is postliminal and hence nuclear (by [ll, Theorem 31). 
(ii) * (iii): Suppose that A is not of the type specified in (iii). 
Then A has a direct summand which is either (a) finite type I with an 
infinite number of homogeneous direct summands of distinct degree, 
(b) properly infinite, or (c) type II, . 
In case (a) it is clear that A has a C*-subalgebra isomorphic to M. 
In case (b) A has a C*-subalgebra isomorphic to PEP(H), where H 
is a separable infinite-dimensional Hilbert space (by [lo, 2.2.41). 
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Identifying H with the direct sum Hi @ H, @ *a*, M = 9(HJ @ 
=wG) 0 a.. _C Y(H). Thus A h as a C*-subalgebra isomorphic to M. 
In case (c) A contains a sequence e, , e2 ,... of nonzero, mutually 
orthogonal projections (by [lo, 2.2.131). For each n, e,Ae, is a 
continuous W*-algebra, and so contains a “-subalgebra isomorphic 
to M, . So again A contains a copy of M. 
It follows by (1.8) that in all cases A is not of type E. 
2. QUOTIENTS WHICH FAIL TO RESPECT THE SPATIAL C*-NORM 
(2.1) Let A be a finite W*-factor. Recall that the canonical 
2-norm on A is given by 
(I a II2 = Tr(a*a)‘iz (0 E A); 
and that the completion H(A) of A relative to 11 (I2 is a Hilbert space. 
For x E A let L(X) and R(x) be the unique bounded linear operators 
on H(A) satisfying 
L(x) = xa, R(x)a = ax (u E A). 
L(A) and R(A) are ultraweakly closed in Z(H(A)), and R(A) = L(A)‘. 
The map a -L(a); A ---f L(A) is a faithful normal representation of A 
on H(A) (the standard representation of A), and it is convenient to 
identify A with L(A), writing A’ for R(A) (see [2, Sect. 5, 61). 
(2.2) Remark. (i) Writing C*(A, A’) for the C*-subalgebra of 
P(H(A)) generated by A and A’, the map C xz @ yi -P CL(x,) JJ~; 
A 0 A’ -+ C*(A, A’) is an isomorphism (by [lo, 1.204; or just 
using the fact that A, A’ and hence A Q A’, are simple). There is a 
unique C*-norm 77 on A Q A’ relative to which this isomorphism is 
isometric, and then A 0, A’ s C*(A, A’). 
(ii) If in particular A = M, for some n E N, A is nuclear and 
7 = a. For x E M;, let 57 denote the transpose of x. The map x -+ x” 
is a linear *-antiautomorphism of M, , (2)” = X, and the map 
x + R(5) is an isomorphism of M, onto M,‘. In this case Mn @ Mn g 
C*(A, A’) = P’(H(A)). 
(2.3) Let o,,, Mmn. denote the C*-algebra of doubly-indexed 
sequences (x,& with xmn E M, @ M, c Mmn (m, n > l), such that 
SUPm.n II *?n, II < 00, the norm and *-algebra operations being as for M. 
The maps rr,: x --+ xn; M -+ M, (n = 1, 2,...) are representations 
of M, and the family (?T~: i = 1, 2,...) is faithful. Thus (71;, @ VT,; 
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m, n = 1,2,...} is a faithful family of representations of M @ M, 
and it follows that the map 
c xi OYi - (c G@> 0 Q”)); m3M+@~m, 
m.n 
extends to an embedding of M @ M in @,,, M,, . 
(2.4) For x = (x%) E M let x” = (Q, so that the map x -+ x” 
is a * -antiautomorphism of M. It is clear that if x E 1* , x” E 1%; thus 
a *-antiautomorphism of N is defined by setting 
(Q(x))” = CD(a) (x E M). 
Let H = H(N). The map x -+ R(x); N --+ N’ is a *-antiisomorphism 
of N onto N’, so that the map x --f R(5) (X E N) is an isomorphism of 
N onto N’. As in remark (2.2)(ii) the homomorphism 
c xi Oyi + c+i) Wi); N 0 N-t Z(H) 
extends to an isomorphism 0 of N 0, N onto C*(N, N’), for some 
C*-norm q on N 0 N. Now the homomorphism 
~xi@yi+~xi@R(yi); NON-NON 
extends to an isomorphism of N @ N onto N @ N’. As N does not 
have the extension property (by (1.7)) it follows that 7 # (y. (by (1.3), 
with A = N and u the identical representation of N on H). 
LEMMA. The homomorphism C xi @ yi -+ C @(xi) @ @( yi); 
M 0 M + N 0 N extends to a homomorphism M Q M + N 0, N. 
Proof. Let C xi @ yi E M 0 M, and let a E M be such that 
tr,(a,*a,) < 1 (n = 1, 2,...). Then 
= sup (/ ~Wi)vJ WY%) % /I2 
< Sk /I ;: (4n 0 (Y”), (( n i 
(by re:ark (2.2)(ii)) 
e “ntt; 11 T (4m 0 (Y”L I/u 
(by (2.3)). 
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Every element 6 of H such that /I 5 /I2 < 1 is the 11 I/,-limit of elements 
@(a) (a EM) such that II @(a)& < 1. As II @(a)lls = lime 11 a, 1j2, 
replacing some of the a,‘~ by 0, one can leave @(a) unaltered while 
ensuring that II a, 11s < 1 (n = 1, 2,...). Thus 
and the existence of the required homomorphism follows. 
(2.5) Let A and B be C*-algebras, and for each v E A* let 
R,: A @ B -+ B be the unique linear map satisfying R,(a Q b) = 
(q, a)b (a E A, b E B). If D is a C*-subalgebra of B and x E A @ B 
satisfies RV(x) E D (v E A*), it is natural to ask whether x is necessarily 
in A @ D. In [15] I defined A to have property S if this problem has 
an affirmative solution (for arbitrary B and D C B). In the context 
of W*-tensor products it is a straightforward consequence of the 
commutation theorem that all W*-algebras have the analogous 
property (cf. [13, Sect. 2; 141). It is somewhat surprising therefore 
to note that not all C*-algebras have property S: 
PROPOSITION. M does not have property S. 
Proof. Let .Z = 1e , and let K=(xEM@IM,R,(x)EI for 
4p E M*); I assert that M @ I ,C K. 
In fact, if E M @ M -+ N 0, N denotes the morphism con- 
structed in (2.4), it is clear that the closed ideal M @ I C Ker Y. 
Consider the quotient (M @ M)/(M 61); then (M @ C.l)/(M 01) s 
M, (Cl @ M)/(M @I) z N, and as (M 0 M)/(M 0 I) gg M 0 N 
it follows that (M @ M)/(M @I) is canonically isomorphic to 
M Or N, for some C*-norm < on M 0 N. Y factors as follows: 
M@M-,(M@M)/(M@I)=M@,N+(M@M)/Ker?P=N@,N. 
Applying (1.3) (with u = 0, H = H(N)), 4 # 01. The homomorphism 
id 0 Qs: M 0 M ---t M 0 N given by C xi @ yi + 2 xi @ @( yi) 
extends to a homomorphism id @ @: M @ M -+ M @ N which has 
the factorization 
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the first arrow being as above, the second being the unique extension 
of the identity map on M 0 N. The relation 
@oRR, = R,o (id @@) (g’ E M*) 
shows that K = Ker(id @ @), and the assertion follows. 
(2.6) COROLLARY. Let A be a C*-algebra with M as a C*-subalgebra 
(in particular a W*-algebra not satisfying condition (iii) of Corollary 
(1.9)). Then A does not have property 5’. 
Proof. As in the proof of (1.8) there is a retraction w of A onto M. 
By [13, lemma 5. I] the map u 0 id: A 0 M --+ M 0 M has a 
unique extension to a retraction w @ id of A Q M onto M @ M. 
Suppose that A has property S, and let x E M @ M satisfy R,(x) ~1 
(9’ E A*). Then x E A @ I. However x = (w @ id)(x) and 
(w @ id)(A @I) = M @ I; and by the proof of (2.5) x can be 
chosen outside M @ I. This contradicts the assumption that A has 
property S. 
(2.7) Th f g g e ore oin can now be applied to the algebras C*(F,) 
and C,*(F,). Let W be the unitary on P(F,) such that 
mxg) = &Y-‘1 (5 E V2), g EF2). 
For g E F2 it is easily verified that Wnl(g) W-l = n,(g); it follows that 
the map x --t Wx W-l is an isomorphism of C,*(F,) onto C,*(F,). 
As in remark (2.2)(i) (and using the fact that C,*(F,) is simple, cf. (2.8)), 
the map C xi @ yi -+ C xiWy,W-l; C,*(F,) Q C,*(F,) -+ 9(12(F2)) 
is an isomorphism, and there is a unique C*-norm y on C,*(F,) 0 
C,*(F,) relative to which this isomorphism is isometric. Takesaki [l l] 
studied this representation of C,*(F,) 0 C,*(F,) and showed that y 
differs from the spatial C*-norm [ 11, Theorem 61. It will be convenient 
to regard C,*(F,) 0, C,*(F,) embedded in 9(Z2(F2)) in the canonical 
way. 
PROPOSITION. The homomorphism 
A, 0 h,: c*p$J 0 c*(4) - c,*p,) 0 c,*(F,) 
extends to a homomorphism ofC*(F,) @ C*(F,) onto C,*(F,) BY C,*(F,). 
Proof. The representation g -+ (gJ of F, in M (see (1.6)) extends 
to a homomorphism G of C*(F,) into M (by the universal property of 
C*(F,)), and the homomorphism u 0 a: C*(F,) 0 C*(F,) -+ M 0 M 
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extends (uniquely) to a homomorphism u @ (T of C*(F,) @ C*(F,) 
into M @ M. It is convenient at this point to adopt the notation of 
the proof of Lemma (1.6); it was shown there that U-lT,U = rl(g) 
(g EF~). For g E F, , (gJ” = (gi*) = (g;‘) as each g( has real entries 
(so that g‘i = gi*). Thus (,& = (2)-l. The Hilbert space H is, 
of course, H(N), and the cyclic and separating trace vector 6 is the 
image of 1 in H. Let S, be the member of 3’(K) defined by A’,$[ = 
(hg-I)-[; then S, = R((g-l)-) ) K = R(( g)-‘) / K. If Ch ahch E 1”(F,), 
u-?Y*u c ( 
h 
ahch) = U-lw-l)-) u(z ahe,) 
= U-%&l)-) (1 :h@) 
h 
= u-1 
= %7(.!?) 1 ahhEh ; 
( 1 h 
so U-W,U = r,(g) (g E F,). 
For T E Z(H(N)) let pK(T) denote ET 1 K; then 11 pK 11 < 1. Let 
Y be the homomorphism from M Q M to N @, N constructed in 
(2.4), and recall that 8 is the canonical isomorphism of N 0, N onto 
C*(N, N’). Let L: 9(K)+9(E2(F,)) be given by L(T) = U-lTU. The 
required extension of A, 0 A, is then L 0 pK o 8 0 Y o u 8 cr, where 
cl*(F2) 0, Cl”(F2) is identified with its canonical image in 9(Z2(F2)) 
(cf. (2.7)). 
Remark. By a proof similar to the proof of Proposition (2.5) it 
follows that C*(F,) does not have property S, showing that even in the 
separable case a C*-algebra may fail to have property S. 
(2.8) Remarks. (i) Let K be the kernel of A,, so that C,*(F,) s 
C*(F,)/K. Powers [8] has recently shown that C,*(F,) is simple; it 
follows that K is a maximal two-sided ideal of C*(F,) and is, in 
particular, primitive (this fact follows also from the equivalence of 
prime and primitive ideals in separable C*-algebras). Now C,*(F,) @ 
C,*(F,), being the spatial tensor product of simple C*-algebras, is 
simple [l 1, Theorem 2, Corollary] and so primitive. Wulfsohn [16] 
claimed that in a tensor product A @ B of separable C*-algebras A 
and B, every primitive ideal is of the form I Q B + A @ J with I 
(resp. J) primitive in A (resp. B). However taking A = B = C*(F,), 
and K as above, the kernel K’ of the canonical homomorphism 
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c*PJ 0 c*(Fd --+ c,*(FJ 0 c,*(h) is a maximal, hence primitive, 
ideal which properly contains K Q A + A @ K. If K’ was of the 
form I @ A + A @ J, at least one of I and J would not lie in K, 
which would imply (as K is maximal) that K’ was the whole of 
c*vcJ 0 c*(FA a contradiction. Thus K’ # I Q A + A @ J, 
contradicting Wulfsohn’s claim. 
(ii) Let Ai , Bi be C*-algebras with homomorphisms vi of A, 
onto Bi (z’ = 1, 2). One can write down the sequence of maps 
where the second arrow is the canonical embedding. Completing 
with respect to the norm v, the arrows have bounded extensions: 
Guichardet [4] showed that this sequence is necessarily exact, and 
asked if the corresponding sequence with o( in place of v is also exact 
for arbitrary I1 , I, , A, , A, , B, , and B, . It is clear from the previous 
remark that with I1 = I, = K, A, = A, = C*(F,) and B, = B, = 
C,*(F,) the a-sequence is not exact. (Here, li = Ker ?i .) 
(iii) Tomiyama [12] defined the spatial tensor product A @ B 
of C*-algebras A and B to have property F if the set {f Q g: f, g pure 
states of A, B, respectively} of product states separates the closed 
ideals of A @ B. Let A = B = M, I = 1%) and let K = 
(x E M @ M: R,(x) E I (v E M*)). By (2.5) M @ I g K. Let ~JJ and # 
be pure states of M such that v @ # j M @ I = 0. Then $ E IL, and 
ifxEK 
So the product pure states fail to separate the ideals M @ I and K. 
A similar phenomenon may be demonstrated with A = B = C*(F,), 
I = Ker X, , and K analogously defined. Thus there are spatial tensor 
products of separable C*-algebras which fail to have property F. 
3. DISTINCTNESS OF C*-TENSOR NORMS 
(3.1) P ROPOSITION. Let A = M @ N; then the Jive norms 01, vl, 
vr , /?, and v on A 0 A are mutually distinct. 
LEMMA. Let M1 , M, , and B be W*-algebras. Then the canonical 
isomorphism (M, @ M,) Q B z (M1 0 B) @ (M, 0 B) extends to 
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an isomorphism of (Ml @ M,) 0, B onto (Ml Q, B) @ (Mz 0, B) 
when q is any of the above five norms. 
Proof. Let e and f be the identity projections of M, and M, , 
respectively; then e + f = 1. Let {?T, rr’} be a commuting pair of 
representations of Ml @ M, , B on the Hilbert space H. r(e) and 
7r( f ) commute with z-(M, @ M,) and r’(B), so that Hi = T(e)H and 
H, = z-( f )H are invariant subspaces for r and n’. Let ri = n j Hi , 
?Ti’ =r’jHi(i= 1,2); theniT,, rri’) and (n2 , n2’} are commuting 
pairs of representations of Ml @ M, , B on HI and H, , respectively. 
Moreover 72 is normal if and only if 7r1 and 7~~ are; and for C xi Q bi E 
M,OB,CyjQcj~M,OB, 
The lemma follows easily from this relation and the definitions of the 
various norms. 
Proof of Proposition. In view of the lemma it is sufficient to check 
that any two of the norms 01, vi , v,, , /3, and v differ on at least one of the 
tensor products M 0 M, M 0 N, N 0 M, and N Q N. 
(i) OnMON - 01 vI = ,B, by [3, Proposition 3.5 and Theorem 
4.11. In the notation of (2.4) the homomorphisms x + O(X) (X E M) 
andy +R(Y)(r EN) constitute a commuting pair of representations 
of M, N on H(N), the second representation being normal. Thus the 
homomorphism 
c xi @ y” -+ c @(xi) R(P); M Q N -+ L?(H(N)) 
is continuous relative to the norm vr on M 0 N; by (1.3) and (1.7) it 
is not continuous relative to 01, so that a # v,. < v on M 0 N. 
(ii) In exactly the same way cy. = vr = /3 # vr < v on N 0 M. 
(iii) The representation C xi @ yi --t xiR(yi) of N 0 N on H(N) 
is clearly continuous relative to the norm ,f3 on N 0 N. Again by (1.3) 
and (1.7), this representation is not continuous relative to 01. Thus 
01 # ,f! on N 0 N. The Proposition now follows. 
(3.2) Remark. It is interesting to note, in conclusion, that there 
are C*-algebras A and B on whose algebraic tensor product there are 
infinitely many distinct C*-norms. Let (Ai: i = 1, 2,...) and 
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{Bi: i = 1, 2,...} b e sequences of C*;algebras with A, E Bi 2 
C,*(F,), and let A = @r=r Ai , B = oizl Bi (see [lo, 1.23.111 for a 
discussion of infinite spatial tensor products). A and B are separable 
and simple (as C,*(F,) is simple), and for each i the norms 01 and v on 
Ai 0 Bi are distinct. Now let {P, Q} be a partition of N into disjoint, 
nonempty subsets, and consider the C*-algebra 
( 
@ (Ai gy Bi) 
iEP 1 i 
@I @ (A, @ Bi) = C (say). 
iEO 1 
The C*-subalgebra of C generated by the subalgebras Ai @ C.1 
(resp. @.I @ Bi) is canonically isomorphic to &., A, (resp. @~=r BJ. 
So (&‘?=r Ai) 0 (@T=, Bi) = A 0 B has a canonical, dense em- 
bedding in C and C g A @,,(p,o) B, where 7(P, Q) is a uniquely 
determined C*-norm on A 0 B. For different (P, Q) the q(P, Q) are 
distinct. 
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